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Abstract 
The literature in design of experiment (DOE) considering 
both quality and reliability metrics is scarce. Although 
product reliability is as important as quality, especially 
for electronic or semiconductor devices, robust parameter 
designs (RPD) are primarily applied to quality measures. 
Moreover, typical DOE for accelerated degradation tests 
(ADTs) does not explore impact of changing 
manufacturing conditions on product reliability.  This 
article develops DOE plans for manufacturing variables 
and ADT conditions to minimize variance of parameter 
estimates and RPD optimizations for selecting 
controllable manufacturing variables to achieve longest 
product lifetime and reduce variations induced by 
environmental noise. 
1. Introduction 
Manufacturing conditions can impact product quality and 
reliability. Reliability is a major concern for electronics 
and semiconductor products. In the literature, most 
research in DOE and RPD focuses on either quality or 
reliability characteristics, but seldom both. 
 In collecting data to evaluate product 
quality/reliability, experiments with multiple levels of 
controllable manufacturing variables are conducted. For 
product reliability testing, there should be many 
replications in each process condition such that the 
commonly used accelerated life test (ALT) or ADT can 
be employed to test these replicates at various stress 
levels. A few questions to consider in these experiments 
include:  
(1) How to design the manufacturing experiment?  

For example, what should be included in the 
controllable variables and what could be 
experimented with in the noise variables?  Should 
the crossed array of control and noise variables be 
used or can a single array do the job?  

(2) How to decide the number of replicates in each 
experiment run?  Intuitively, runs with larger 
manufacturing variation should have more replicates.  
How will we quantify manufacturing variation when 

the product reliability is of main concern? How is 
replicate size related to product reliability variation? 

(3) How to design product life-testing experiment?  
Should the design of this experiment be 
coordinated with the design of the manufacturing 
experiment?  Consider the commonly used ADTs.  
Decision variables involved in this experiment 
include: (i) number of stress levels, (ii) choice of 
stress levels, (iii) number of replicates assigned to 
each stress level, (iv) number of degradation 
measures, and (v) choice of time points for 
degradation measures. If the manufacturing and 
reliability-testing experiments were not coordinated, 
there might not be enough replicates for each stress 
level or the stress levels could be assigned too high 
for shorter-life specimens made in some 
manufacturing conditions. 

(4) How to conduct RPD for reliability measures?  
Does the RPD based on quality measures lead to the 
same results when reliability measures are used? 

Unlike typical mean-modeling focus in ADT research 
for lifetime predictions, studies in RPD require modeling 
variance of lifetime distribution. Thus, in the 
experimental design for collecting data, one needs to 
make sure that the parameters in both mean and variance 
functions can be estimated effectively (and efficiently). 

Many of the above questions and issues were not 
explored in the DOE and reliability literature. After a 
brief introduction of a motivating example in Section 2, 
Section 3 describes the strategy of limiting the research 
scope for solving such a complicated problem outlined 
above. Several references are cited to support the choice 
of research focus. This section also presents modeling 
and experimental design details. Section 4 discusses 
numerical results and insights learned from examples.  
Section 5 offers concluding remarks and future works. 

2.  A Motivating Example 
Light emitting diodes (LED) lamps are widely used for 
display board such as dot-matrix display units.  
Luminous flux (in lumens) is a key reliability 
characteristic of LED lamps. Because it degrades over 
time as the fluorescent material darkens, the LED lamp 
industry has traditionally defined failure in terms of the 
amount of degradation in the luminous flux.  More 
specifically, the lamp is “broken” at time t if its luminous 
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flux Λ(t) falls below 60% of its original luminous flux 
after 100 hours of use, i.e., 0.6Λ(100).  In getting 
reliability data in a short testing duration, temperature 
was the choice of stress variable in the ADT.  

The manufacturing process for a LED lamp consists 
of seven main steps (Lin, 1976): 
1. Glass Tube Production 
2. Coating and Baking Processes 
3. Production of the Electric Discharge Mechanism 
4. Exhaustive Process 
5. Mercury Dispenser Coating Process (X1) 
6. Argon Filling Process (N1) 
7. Inspection Process (X2) 
Factors #5 and #6 (denoted as A and C, respectively) will 
be considered as significant controllable variables, and 
Factor #6 will be considered as significant noise variables 
in numerical illustration examples given in Section 4. 

3.  Research Problem Formulation 
3.1 Notations and Assumptions 
1.  There are Nm runs for controllable and noise 

variables. For the ith run the setting of controllable 
variables is Ci1, Ci2, …, Cim and the settings of noise 
variables is Ui1, Ui2, …, Uip. At each run there are Ni 
number of replicates. Total number of specimens N is 
fixed and determined by experimental budget. 

2.  The acceleration model in the ADT is assumed to 
have a log-log-linear relationship,  

  log(ts,p%) = αtp,s + βtp,s log(x),     (1) 
 linking the pth percentile of the product lifetime 

distribution to stress levels. This relationship comes 
from models such as Arrehnius and Inverse-power 
Law commonly assumed in the ADT literature. The 
stress levels for products in the ith run are xi1, xi2 and 
xi3. Although two stress levels are enough for 
describing the linear relationship, a middle stress 
level is added to collect some data for checking 
whether a quadratic relationship exists (Meeker and 
Hahn (1985)). The proportions of replicates assigned 
to these stress levels are pi1, pi2, pi3 (= 1 − pi1 − pi2). 

3.  For specimen j from run i, tested under stress level xis, 
its reliability degradation measure yijs’s are taken at 
discrete time points tij1, tij2, …, tijl(i,s). The number of 
observations, l(i, s), could be distinct for different 
runs and stress levels. The measurements from a 
specimen form a sample degradation path. 

3.2 Degradation Model and Lifetime Distribution 
This article considers the following model for sample 
degradation paths:  
 log Yijs(t) = φ(αijs, t) + σBBBt + et,       (2) 

where φ is a known continuous monotone function with a 
vector of random coefficients, αijs. The random 
coefficients model changes between degradation paths 
and thus describes characteristics of products made and 
tested under different conditions. Typical distributions of 
these coefficients are normal distribution (Ahmad and 
Sheikn (1984)), lognormal distribution (Boulanger and 
Escobar (1994)) and Weibull distribution (Lu and 
Bhattacharyya (1990)). This research assumes that the 
random coefficients follow the normal distribution with 
mean depending on manufacturing and life-testing 
conditions and variance depending on manufacturing 
conditions, but not life-testing conditions.  

The second term σBBBt models possible variation of 
product characteristics along the time line of life-testing.  
A popular stochastic model, Brownian motion BtB , is used 
for modeling this variation. Its mean is zero and variance 
is σB

2t. The third component et represents modeling or 
measurement error, which is modeled by the normal 
distribution with mean zero and variance σe

2. The three 
components of random variables are assumed to be 
mutually independent. 

In the ADT framework, failure occurs when 
degradation reaches a given threshold, e.g., Λ(t) < 0.6 
Λ(100) in the LED example. Consider the following true 
degradation path from model (2) with a log-linear 
relationship and one random coefficient − slope (αijs): 

log Λijs(t) = α0,is + αijs t + σB BB t.               (3) 
The distribution of product lifetime (Ti,s) is derived as 

Pr(Ti,s ≤ t) = Pr[ Λijs(t) < 0.6 Λijs(100)] 
= Pr[αijs (t −100)+ σB (BB t − B100) < log(0.6)]. 

When the random coefficient has a normal distribution, 
the distribution of the component in the left hand side of 
the inequality is normal with mean μα,is (t − 100) and 
variance σis

2(t) = [σα,is
2(t − 100)2 + 2σB

2]. Under the 
assumption that Pr(αijs ≤ 0) is very small, the 
approximate distribution of the lifetime Ti,s is  

Φ[ (log(0.6) − μα,is (t − 100)) / σis(t)].    (4) 
Note that t is involved in the variance σis

2(t). The 
moments of this lifetime distribution do not exist. 
However, the (100p%)th percentile (e.g., tis,0.1) can be 
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obtained by equating (4) to p (e.g., 0.1) and solving for t. 
The acceleration function (1) provides the extrapolation 
of the percentile lifetime (ti0,0.1) at the normal-use 
condition. This percentile lifetime will depend on the 
controllable and noise variables through parameters μα,is 
and σα,is

2. 

3.3 Robust Parameter Design (RPD) for Reliability 
Suppose that the unknown parameters are all estimated.  
This section discusses how to select a process recipe, i.e., 
combination of controllable variables, to produce 
products with (i) longest lifetime (e.g., largest ti0,0.1) and 
also (ii) minimized variation.  Since it is possible that 
the derived lifetime distribution such as (4) does not have 
moments, this article uses the difference (Δti0) of two 
lower percentiles, e.g., 25th percentile − 10th percentile, to 
quantify the variation of product life. 

 In the RPD context (e.g., Wu and Hamada (2000), 
Chapter 10) the problem in achieving both goals (i) and 
(ii) is solved by first selecting the levels of the 
controllable variables to maximize the percentile lifetime 
ti0,0.1. Then choose the levels of controllable variables in 
the model of Δti0 that are not in the model of ti0,0.1 to 
minimize the process variation. If there is no clean 
separation between these two groups of variables, one 
can define a joint criterion to combine these two 
objectives, e.g., weighted sum of normalized percentile 
ti0,0.1 and difference Δti0 against to percentile and 
difference obtained at the center of the (Ci, Ui) matrix.  

Since the percentile lifetimes are usually not given in 
closed form expressions, it is intuitively appealing and 
simpler to place the regression structure (see Eqs. (5) and 
(6)) for linking manufacturing variables and stress levels 
to some “quality metrics” such as mean and variance 
parameters. This structure will support the two-stage 
estimation procedure and also the experimental design for 
data collection plans discussed next. If additional 
measurements (e.g., material deposition thickness and 
material properties) are obtainable from manufacturing 
experiments, they could be considered as quality metrics.   

It is interesting to compare RPD results derived using 
the quality metric (mean and variance) to those from the 
reliability metric (percentile and percentile-difference). 
For the situation where percentile estimate is not given in 
closed form, regression equations can be built from 
percentile estimates obtained in various runs. Then 

optimization can be achieved from these equations. 

3.4 Model Parameters Estimation 
Before developing data collection plans, discussion of 
parameter estimation methods is needed. Since φ(αijs, t) is 
usually nonlinear and the randomness of αijs, BBt and et 
makes the maximum likelihood estimation (MLE) 
complicated, this article applies the popular two-stage 
least squares (LS) method (Lu and Meeker, 1993) for 
estimating the mean and variance parameters in the 
distribution of αijs and utilizes the moment method for 
estimating σB

2 and σe
2. See Bae and Kvam (2005) for a 

review of other methods. 
In the first stage, for each sampled unit, fit the 

degradation model to the sample path and obtain the 
Stage-1 estimates of model parameters. For example, the 

LS method can be used to obtain ijsα̂  and the residual 

sum of squares and cross-products can be used to 
estimate the variances σB

2 and σe
2. Under appropriate 

regularity conditions (Seber and Wild 1989, Section 12.2), 
they are consistent and asymptotically independent. 

Transform, if necessary, the Stage-1 estimates of 
random coefficients αijs’s such that they can be modeled 
with a (multivariate) normal distribution. Then, in the 
second stage, use the following regression models to 
combine the Stage-1 (transformed) estimates from 
different runs and stress levels to estimate normal 
distribution’s mean and variance.  
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For simplicity only one random-coefficient is considered 
in this illustration. Note that the variance is constant 
across life-testing stress levels. The estimates of variance 
components σB

2 and σe
2 from different runs and stress 

levels can be simply averaged to obtain pooled estimates. 

3.5 Design of Experiment for Collecting Data 
Due to limited space, this article focuses on studies of 
how many replicates should be assigned to each run and 
also how these replicates should be divided into three 
stress levels. The following two paragraphs discuss a few 
other issues not studied.    
 Cross or Single Array:  If the physics supporting 
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the regression models (5) and (6) is solid, it is desirable to 
explore a new type of experimental design similar to the 
single array design (Wu and Hamada (2000), Section 
10.8) used for RPD experiments to combine the 
manufacturing and life-testing experimental runs.  
However, unlike the typical single-array studies, these 
two sets of experiments are done in subsequent stages, 
i.e., replicates are made in manufacturing runs first and 
then life-tests are done on the replicates. A split-plot type 
of experiment needs to be considered.  
 Degradation Measurement Time: For exploring 
models like (5) and (6), the specimens from different runs 
will have very distinct lifetime distributions. Thus, the 
measurement time for them should be different. If the 
prior knowledge of model-parameter values is 
trustworthy, one can use the lifetime distribution 
evaluated with these parameter values to develop a sound 
measurement plan.  Otherwise, the equally spaced plan 
seen in Boulanger and Escobar (1994) can be used. 
 The percentile ti0,0.1 and difference Δti0 characterize 
the lifetime distribution for the RPD purpose. The 
decision on replication sizes and proportions of replicates 
assigned to each stress level should lead to minimized 
asymptotic variance of the estimate of percentile lifetime 
at the normal-use condition. If the D-optimal design idea 
is used, there will be (Nm − 1) quantities to optimize for 
deciding manufacturing replicates in Nm runs and another 
2(Nm − 1) quantities to optimize for determining the two 
proportions in three stress levels of each run. The next 
two subsections present procedures for solving these two 
problems separately for limiting our study scope.   

3.5.1 Replication Size 
Here, the commonly used proportion ratio 4:2:1 in ALT 
(Meeker and Hahn (1985)) is assumed for low, middle 
and high stress respectively. Given a total number of 
products N for all runs, the replicate for run i is Ni = NPi. 
The following equations based on the proportion of 
variances lead to optimal replication-size decisions (proof 
is skipped). For i =1, 2, …, Nm,  

i

N
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where is the variance of the asymptotic 

distribution derived from an application of Taylor 
expansion (ignoring second and higher order terms) to an 

equation obtained from Eq. (4) for solving the percentile 
lifetime. Note that the variances on the left hand side of 
(7) will involve the replication size N

)ˆ( 1.0,0itAVar

i = NPi. There will 
be (Nm − 1) equations for solving (Nm − 1) number of Pi’s. 
 The above optimization process based on percentile 
lifetime is complicated. Variance of mean estimate is 
easier to obtain. The following equation can then be used. 
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If the replication sizes obtained from solving Eqs. (7) and 
(8) are similar, the optimization process based on (8) will 
be much easier to use in practice. Unfortunately, Section 
4 shows that the replication sizes obtained from these two 
equations are very different. 

3.5.2  Proportions of Test Units at Three Stress Levels 
First, let us derive the variance of the mean estimate 
based on testing experiments with only two stress levels, 
x1 and x3, where the proportions p1, p3 (= 1 − p1) (and p2 
= 0) are used to allocate test units. After a series of 
derivations the variance of the mean parameter estimate 
is obtained as 
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Given the replicate size Ni for each run, the optimal 
proportion p1 can be solved in a one-dimensional 
optimization from minimizing the variance (9). Denote 
the optimal solution as p1

* and p3
* and the corresponding 

minimum variance as .   )ˆ( 0,,
*

min iV αμ

 Fix p2 at a value other than zero. The variance of the 
mean parameter estimate is derived as follows:   
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(10)                  
Since adding another stress level will always make the 
variance of the parameter estimate larger, if the goal is to 
choose p2 to make the two variances close, the solution is 
always p2 = 0. Boulanger and Escobar (1994) developed 
an idea of using a constraint-optimization procedure to 
decide p2 value.  First, derive the variance (denoted as 
VarQ) of the estimate of the quadratic term in the 
second-order model fit to the data in the three-stress case. 
This variance is important in evaluating the power of 
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detecting a departure from the linear-acceleration model 
assumption. The objective is to find p2 for minimizing 
VarQ with an upper bound for the increase of variance 
(10) in using the three-stress test. Section 4 shows some 
details of this optimization process, where the relative 
efficiency (REST = Var(9)/Var(10)) is limited above 80%. 
Then, choose p2 to minimize VarQ. Moreover, our 
research also explores the difference between the optimal 
proportions obtained from using the reliability metric, i.e., 
10th percentile estimate, rather the quality metric, mean 
parameter estimate, presented here.                                   

4.  Numerical Examples 
Consider a simple case with the following four 
experimental runs from a two-level half-fraction of 
three-variable factorial design. The total number of 
replicates for the four experimental runs is set at 80.  
The stress levels (see Table 2) for all runs are the same.   

 Table 1. Combinations for Manufacturing Variables 

Run A B C 

1 － － － 

2 － + + 

3 + － + 

4 + + － 

The following mean and variance parameter values are 
obtained from the two-stage estimation method. 

      Table 2. Values of Mean Parameters 

Run\Stress 50
。

C 80
。

C 110
。

C 

1 0.62825 0.74331 0.858376 

2 0.62560 0.74199 0.858376 

3 0.75668 0.80753 0.858376 

4 0.63125 0.74481 0.858376 

 Table 3. Values of Variance Parameter 
Run 1 2 3 4 

Variance 0.00225 0.00312 0.00275 0.0029 

Table 4 presents the replication sizes solved from using 
the variances of percentile and mean estimates given in 
Eqs. (7) and (8). These two approaches lead to different 
replication sizes, especially in Run #4. Thus, the simpler 
procedure based on mean estimate does not work well.   

Let us explore the allocation of test units. Figures 1 
and 2 depict the relationship between (p1, p2) and 

)ˆ( 0,1,αμVar  and , respectively, for Run #1. ))1.0(ˆ( 0,1tVar

 Table 4. Replication Sizes From Eqs. (7) and (8) 

Run Size(7) Size(8) 

1 29 25 

2 3 5 

3 34 25 

4 14 25 

 Figure 1. Relationship Between (p1, p2) and )ˆ( 0,1,αμVar .   

 

Figure 2. Relationship Between (p1, p2) and    ))1.0(ˆ( 0,1tVar

 
Since the patterns in both figures are similar, the optimal 
allocation of test-units can be solved using the variance 
of mean estimate.  

Table 5. Solution Details of Proportions for Run #1 (Mean) 
  

Mean Parameter Estimates 

Based Proportions 

p1 p2 p3

 

 VarQ 

 

 

REST 

≥ 0.8 

0.76 0.04 0.20 0.002841 0.96 

0.76 0.08 0.16 0.001716 0.93 

0.72 0.12 0.16 0.001341 0.88 

0.68 0.16 0.16 0.001155 0.84 

0.64 0.20 0.16 0.001044* 0.80 

Table 5 uses Run #1 to show details of searching for 
the allocation proportions of test-units. The smallest 
variance is from the proportions (0.64, 0.20, 0.16). 
Table 6 shows similar results from using the variance 
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of percentile estimate instead of mean estimate. The 
optimal proportions are (0.66, 0.17, 0.17). Table 7 
provides the optimal proportions obtained from using 
the variance of mean estimate. Only the second run has 
slightly different proportions. Table 8 summarizes the 
estimates of 10th percentile lifetime and the difference 
between 25th and 10th percentiles. These predictions 
indicate that products from Runs #1 and #3 have 
longest lifetime but products from Run #3 have less 
variation. Thus, the process recipe will be selected 
from Run #3 given in Table 1.  When there are more 
experimental runs, regression models can be built on 
the predictions of percentiles and percentile-differences 
in various runs. Then, analytical optimization can be 
applied to the regression model for searching the 
process recipe, which might not be in any of the 
existing experimental runs. 

Table 6. Solution Details of Proportions for Run #1 (Percentile) 
Percentile Estimates Based 

Proportions 

P1 p2 p3

VarQ 

  

REST ≥ 

0.8  

  

0.79 0.03 0.17 0.002837 0.97 

0.76 0.07 0.17 0.001712 0.93 

0.72 0.1 0.17 0.001337 0.90 

0.69 0.14 0.17 0.001150 0.86 

0.66 0.17 0.17 0.001038* 0.83 

0.66 0.21 0.14 0.000964 0.79 

   

Table 7. Optimal Proportions for All Runs 

Run p1 p2 P3

1 0.64 0.20 0.16 

2 0.60 0.20 0.20 

3 0.64 0.20 0.16 

4 0.64 0.20 0.16 

  

Table 8. Prediction of Lifetime and Process Variation 

Run 10th Percentile 

Percentile 

Difference 

1 1.1892 4.5888 

2 0.9565 4.6104 

3* 1.1525 2.9134 

4 0.6713 4.4339 

5.  Conclusion and Future Work 
This article considers both quality and reliability issues 

in an integrated robust parameter design framework.  
The optimal decisions of replication size based on 
quality metric (mean parameter estimate) and 
reliability metric (percentile lifetime estimate) are 
quite different. However, the decisions of proportions 
of test-units allocated to three stress levels are similar 
from using these two metrics.  Our future work is to 
study ways of searching process recipes based on 
response surfaces of estimates of location and 
dispersion parameters of product lifetime distribution.  
Experimental designs for combining controllable and 
noise variables as well as reliability testing conditions 
require further exploration. Moreover, when quality 
measurements (e.g., material deposition thickness 
material property in the LED manufacturing process) 
can be collected before reliability testing, it is 
interesting and beneficial to develop new RPD and 
DOE methods for achieving goals with both quality 
and reliability measurements.    
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